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In this short note we present several theorems which should be included 
in the lexicon of results concerned with the representation of homo-
morphisms of function rings. The general problem is this: given topo-
logical spaces X and E, where E is also a ring, and a homomorphism 
f/>: C(X, E) -7 E, when does f/> have the form 
f/>(f) = f(po) 
for some poE X and for all f E C(X, E)? This problem has been investigated 
by a number of people; the reader may refer, e.g., to [4]-[9]. 
The first theorem was originally motivated by a desire to answer the 
question: is local compactness of the space E necessary for the homo-
morphism f/> to have the aforementioned form? The theorem not only 
provides the negative answer but also presents more general information 
on rational-valued homomorphisms. Theorem 2 extends the result to other 
subfields of R, the real numbers. 
A few references concerning the theory of E-compact spaces appear. 
To save space, we direct the reader to [2] or [3] for relevant definitions 
and terminology. 
Lemma I: Let P denote the rationals and let X be an arbitrary 
compact space. Then for any homomorphism f/>: C(X, P) -7 P there is a 
Po EX such that 
f/>(f) = f(po) for all f E C(X, P) 
Proof: For every f E C(X, P), there is a Pt such that f/>(f) = f(Pt). 
(Suppose not, and consider the function /1 = f- f/>(f), where the bar denotes 
the constant function.) -
Now for f E C(X, P), let At= {p EX: f/>(f) = f(p )}. The lemma will then 
follow if it is shown that the class {At} has the finite intersection property. 
But if /1, ... , fn is any finite collection from C(X, P), the function 
" g= I (/k-ifJ(/k))2 is in C(X, P) and so there is a PIE X such that 
k-1 -- " 
ifJ(g) = g(pi). Thus PI E n Atk· 
k-1 
In the following, K(N) denotes the class of all spaces compact with 
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respect to N, the natural numbers with the discrete topology. Briefly, 
this means that any space in K(N) is embeddable as a closed copy in 
Nm for some cardinal m. See [1]. Note that any X in the class K(N) is 
0-dimensional in the sense that it possesses a base of open-closed sets. 
If X E K(N) we shall say it is N-compact. Examples of N-compact spaces 
are "most" of the 0-dimensional realcompact spaces ("most" in the sense 
that none yet have been found which are not, despite great effort on 
the part of some people, including the author.) In particular, the space 
P of rationals is N -compact. The reader should be warned that the result 
ofMRoWKA and ENGELKING on p. 430 of [1], stating that X is N-compact 
if and only if X is 0-dimensional and realcompact, is unknown to be true 
for certain. The proof given there is incorrect. 
Now let D be the two point discrete space {1, 2}. Then any 0-dimensional 
space X has as its maximal 0-dimensional compactification the extension 
{1DX (or, in the notation of some older papers, VDX). See [1] or [3]. 
Lemma 2: If X is 0-dimensional and A and B are disjoint open-
closed subsets of X, then (clpnXA) f"'l (clpoXB)=f/J. 
Proof: Suppose false and consider I E O(X, D) given by 
I[A]= 1, I[X -A]=2 
However, this I could not then be continuously extended to x0 in {1DX 
since X is dense in {1~, which contradicts the fact that every IE O(X, D) 
can be extended to /1DX. Q.E.D. 
It is easily seen that Lemma 2 holds for finitely many mutually disjoint 
open-closed sets. 
Theorem 1. Let X E K(N) and $: O(X, P)-+ P. Then there is a 
Po E X such that 
$(/) = I(Po) for all IE O(X, P) 
Proof: Lemma 1 gives the result for compact X so we assume X 
is not compact. We define a new homomorphism$*: 0({1DX, P)-+ Pas 
follows: 
$*(g)= $(gjX). 
By Lemma 1, there is a Po E {1DX such that $*(/) = I(Po) for all 
f E 0({1DX, P). To show that Po is actually in X, we suppose poE flnX -X. 
We can then obtain an I E0({1nX, P) such that l(po)=O and for each 
p EX, l(p)=.!: for some n EN. Let h: N U {oo}-+ P U {oo'} be given by 
n 
h(n)=n and h(oo)=oo'. Define g= (ho1f)jX' This is a function whose 
extension to /1DX (call it g*) has value 0 at po and has values .!:. for p EX. 
n 
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440 
Since g is a unit in O(X, P), we have 
0 =fo W(g) = W*(g*) = g*(po) = 0, 
a contradiction. 
The proof is completed in two stages. First, if f is any function in 
O(X, P) with only finitely many values, we use Lemma 2 to show that f 
is extendable to {JDX and hence W(f) = f(po). 
Lastly. we show that for arbitrary f E O(X, P), 
poE At= {p EX: W(f) = f(p)}; 
that is, po works for all functions in the ring. For, suppose that po f/= At 
for some f. We can then get disjoint open closed sets R and S such that 
X=R uS and po ER, AtCS. Define h EO(X, P) by 
h(p) = f(po) for pER 
h(p) = W(f) for p E S 
Now as in Lemma l, it is seen that Ann At=focfo so that W(h)=W(f). 
However, 
W(h) = h(po) = f(po) =fo W(f) 
which is a contradiction. 
The ideas in the proof of the preceding theorem can be made to yield 
a slightly broader result. First note that any proper subfield F of the 
space R of reals is dense in R and contains no interval from which it is 
seen that F is 0-dimensional and R-compact and Lindeli:if and therefore 
N-compact. (See [3]) 
Theorem 2. Let X be N-compact and F be any proper subfield 
of R. Let (/J be a homomorphism of O(X, F) onto F. Then there is a 
po E X such that 
W(f) = nf(po) 
for some homomorphism n of F onto F. 
Proof: If (/J has the property that W(r)=1" for each rEF, the former 
proof applies. Suppose then that W(r)=r for all rEF. Define n: F-+ F 
as follows: n(r) = W(r). It is then easily checked that n is one-one and onto. 
But then the homomorphism Wo: O(X, F)-+ F given by Wo=n-1 oW is 
such that Wo(r) =r for each rEF and therefore there is a PoE X such that 
Wo(f) = f(po) for all f E O(X, F). 
That is, (/J has the representation 
W(f) = nf(po) for all f E O(X, F). 
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